Following the method introduced in quant-ph/0408004 and quant-ph/0605177 we prove that the additivity conjecture for the Holevo-SchumacherWestmoreland bound of the output of a quantum channel holds for the channels of the form
Introduction
A linear trace-preserving map Φ on the set of states (positive unittrace operators) σ(H) in a Hilbert space H is said to be a quantum channel if Φ * is completely positive ( [6] ). The channel Φ is called bistochastic if Φ(
Here and in the following we denote by d and I H the dimension of H, dimH = d < +∞, and the identity operator in H, respectively. Fix the basis |f j >≡ |j >, 0 ≤ j ≤ 3, of the Hilbert space H, dimH = 3. We shall deal with a special subclass of the Weyl channels ( [1, 2, 4, 5, 9] ) defined by the formula ( [2] )
where 0 ≤ r m , p 1 , p 2 ≤ 1, 
Consider the maximum commutative group U 3 consisting of unitary operators
where the orthonormal basis (e j ) is defined by the formula
It was shown in [2] that the Weyl channels (1) are covariant with respect to the group U 3 such that
The Holevo-Schumacher-Westmoreland bound C 1 (Φ) is defined by the formula ( [7, 8] )
where S(x) = −T rxlogx is the von Neumann entropy of x and the supremum is taken over all probability distributions π = (π j ) r j=1 , 0 ≤
π j = 1 for all r ∈ N. The additivity conjecture for the bound C 1 (Φ) of the output of a quantum channel Φ states ( [3] )
for an arbitrary quantum channel Ψ.
Let us consider the set of elements
Denote A 3 the algebra of matrices generated by the projections |η >< η|, η ∈ G 3 . Any channel of the form (1) can be represented as ( [2] )
where
λ n U 2n mod 3,n xU * 2n mod 3,n ,
x ∈ σ(H),
Moreover, it was shown in [2] that for any finite-dimensional Hilbert space K the following estimation from below of the von Neumann entropy holds,
for all x ∈ σ(H ⊗ K) such that T r K (x) ∈ A 3 , ρ = 3T r H ((P ⊗ I K )x) ∈ σ(K) and P is some projection in H. The equality in (2) is achieved for any state |f j >< f j | ⊗ y, 0 ≤ j ≤ 3, y ∈ σ(K). It follows that if G 3 = H, then the algebra A 3 coincides with the algebra of all matrices M 3 and, thus, the additivity conjecture holds for the Weyl channel (1) . In the present paper we shall prove that G 3 = H. It implies that the following theorem takes place:
Theorem. Suppose that Φ is the Weyl channel of the form (1) and Ψ is an arbitrary channel. Then,
Remark. If r 0 = 1 − (1) is the quantum depolarizing channel,
2 Orbits of the group U 3 .
Lemma.Given complex numbers α j ,
Proof. Because α j = |α j |e iarg(α j ) , it suffices to consider only the case of non-negative real numbers α j ≥ 0, 0 ≤ j ≤ 2. Denote by γ j , 0 ≤ j ≤ 2, the angles of the triangle with the sides equal to the values α 1 α 2 , α 1 α 3 and α 2 α 3 . Then,
Thus, we get
due to (3) and (4). Analogously,
Under the condition Proof. Take a vector g ∈ H. Suppose that the coordinates of g in the basis e 0 , e 1 , e 2 are < e k |g >= α k , 0 ≤ k ≤ 2. Let the numbers φ j , 0 ≤ j ≤ 2, are defined by Lemma. Determine the unitary operator U ∈ U 3 by the formula U = 2 j=0 e iφ j |e j >< e j |, then, it follows from Lemma, that
